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Abstract 
This paper investigates the influence of viscous dissipation on natural convection flow of viscous incompressible fluid along a 
uniformly heated vertical wavy surface. The governing boundary layer equations are transformed into dimensionless non-similar 
equations by using set of suitable transformations and solved numerically by the finite difference method along with Newton’s 
linearization approximation. Results for the details of the surface shear stress in terms of the local skin friction coefficient, the 
rate of heat transfer in terms of the local Nusselt number, the streamlines and the isotherms are shown graphically in figures 
along the wavy surface for different values of the set of parameters entering into the problem. It is observed that the viscous 
dissipation parameter N and amplitude-to-length ratio of wavy surface D have accelerating effect on the velocity and temperature 
of the flow field. Both N and D retards the heat transfer rate. The effect of viscous dissipation parameter N is to enhance the skin 
friction coefficient while amplitude-to-length ratio of wavy surface D reverses the effect.  
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Department of Mechanical Engineering, Bangladesh University of 
Engineering and Technology (BUET). 
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Nomenclature 
Cfx local skin friction coefficient 
Cp specific heat at constant pressure (Jk/gK) 
f dimensionless stream function 
g  acceleration due to gravity (m/s2) 
Nux local Nusselt number 
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P pressure of the fluid (N/m2) 
T temperature of the fluid in the boundary layer (K) 
Tw temperature at the surface (K) 
Tf temperature of the ambient fluid (K) 
u, v dimensionless velocity components along the (x, y) axes (m/s) 
x, y axis in the direction along and normal to the tangent of the surface 
 
Greek symbols 
D amplitude-to-length ratio of the wavy surface 
β  volumetric coefficient of thermal expansion (1/K) 
T dimensionless temperature function 
\ stream function (m2/s) 
P viscosity of the fluid (kg/ms) 
ν  kinematic viscosity (m2/s) 
U density of the fluid (kg/m3) 
σ0 electrical conductivity 
σ(x) surface profile function defined in equation (1) 
 
Subscripts 
w wall conditions 
f ambient conditions 
Superscripts 
'      differentiation with respect to η 
1. Introduction 
The viscous dissipation effect plays an important role in natural convection in various devices which are 
subjected to large deceleration or which operate at high rotational speeds and also in strong gravitational field 
processes on large scales(on large planets), in geological process and in nuclear engineering in connection with the 
cooling of reactors. Natural convection flow is often encountered in cooling of nuclear reactors or in the study of the 
structure of stars and planets. The study of temperature and heat transfer is of great importance to the engineers 
because of its almost universal occurrence in many branches of science and engineering. It is also necessary to study 
the heat transfer from an irregular surface because irregular surfaces are often present in many applications, such as 
radiator, heat exchangers and heat transfer enhancement devices. Yao [1] first investigated the natural convection 
heat transfer from an isothermal vertical wavy surface and used an extended Prantdl’s transposition theorem and a 
finite-difference scheme. Molla et al. [2] considered natural convection flow along a vertical wavy surface with 
uniform surface temperature in presence of heat generation/absorption. Alam et al. [3] presented numerical viscous 
dissipation effects on MHD natural convection flow over a sphere in the presence of heat generation. Anjali and 
Kayalvizhi [4] investigated viscous dissipation and radiation effects on the thermal boundary layer flow with heat 
and mass transfer over a non-isothermal stretching sheet with internal heat generation embedded in a porous 
medium. Jha and Ajibade [5] analyzed effect of viscous dissipation on natural convection flow between vertical 
parallel plates with time-periodic boundary conditions. Recently, Parveen and Alim [6] investigated MHD free 
convection flow along a vertical wavy surface with temperature dependent thermal conductivity in presence of heat 
generation.  
The discussion and analysis of natural convection flows, viscous dissipation effect are generally ignored but here 
considered the effect of viscous dissipation on natural convection flow of a viscous incompressible fluid along a 
vertical wavy surface. The surface shear stress in terms of local skin friction coefficient and the rate of heat transfer 
in terms of local Nusselt number, the streamlines as well as the isotherms patterns are shown graphically for the 
effect of varying the viscous dissipation parameter N and the amplitude-to-length ratio of the wavy surface D. 
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2. Formulation of the problem 
The boundary layer analysis outlined below allows )(XV  being arbitrary, but our detailed numerical work 
assumed that the surface exhibits sinusoidal deformations. The wavy surface may be described by 
¹¸
·
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L
XnXYw
SDV sin)(                 (1) 
where D is the amplitude and L is the wave length associated with the wavy surface. 
The geometry of the wavy surface and the two-dimensional cartesian coordinate system are shown in Fig. 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Physical model and coordinate system 
 
Under the usual Boussinesq approximation, the flow governed by the following dimensionless form of the 
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In the above equations 
k
C pP Pr  is the Prandtl number and  
2
2
p w
GrN
L C T T
Q
f
  is the viscous dissipation 
parameter. 
Following Yao [1], here introduce the following non-dimensional variables 
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Equation (4) indicates that the pressure gradient along the y-direction is )( 4
1GrO , which implies that lowest 
order pressure gradient along x-direction can be determined from the inviscid flow solution. For the present problem 
this pressure gradient ( 0 ww xp ) is zero. Equation (4) further shows that ypGr ww /41  is O(1) and is 
determined by the left-hand side of this equation. Thus, the elimination of yp ww /  from Equations (3) and (4) leads 
to 
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The corresponding boundary conditions for the present problem are 
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Now introduce the following transformations to reduce the governing equations to a convenient form: 
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where η is the pseudo similarity variable, θ is the dimensionless temperature and ψ is the stream function.  
Introducing the transformations given in Equation (8) into Equations (6) and (5) the momentum and energy 
equations are transformed the following forms: 
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The boundary condition (7) now takes the following form: 
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The rate of heat transfer in terms of the local Nusselt number, Nux and the local skin friction coefficient, Cfx take 
the following forms: 
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3. Method of solution 
The governing equations are solved numerically with the help of implicit finite difference method together with 
the Keller-Box scheme [7]. The discretization of momentum and energy equations are carried out with respect to 
non-dimensional coordinates x and K to convey the equations in finite difference form by approximating the 
functions and their derivatives in terms of central differences in both the coordinate directions. Then the required 
equations are to be linearized by using the Newton’s Quasi-linearization method. The linear algebraic equations can 
be written in a block matrix which forms a coefficient matrix. The whole procedure namely reduction to first order 
followed by central difference approximations, Newton’s Quasi-linearization method and the block Thomas 
algorithm, is well known as Keller-box method. 
4. Result and discussion 
The objective of the present work is to analyze the effect of viscous dissipation on natural convection flow along 
a vertical wavy surface. Numerical values of the shear stress in terms of the skin friction coefficients Cfx, the rate of 
heat transfer in terms of the Nusselt number Nux, the streamlines and the isotherms are presented graphically for 
different values of viscous dissipation parameter N = 0.0 to 4.0 and the amplitude-to-length ratio of the wavy surface 
D = 0.0 (flat plate) to 0.4 while Prandtl number Pr = 0.7 which corresponds to the air at 21000K.  
The effects of viscous dissipation parameter N the local skin friction coefficient Cfx against x increases along the 
upstream direction of the surface is visualized through Fig. 2(a). On the other hand, the opposite situation observed 
for the rate of heat transfer and this is noted through Fig. 2(b). Mathematically, the local skin friction coefficient 
increases by approximately 78% when the value of N increases from 0.0 to 4.0 which occur at the different position 
of x.  
Variation in skin friction coefficient Cfx and local rate of heat transfer Nux against x for different values of the 
amplitude-to-length ratio of the wavy surface D while Pr = 0.7 and N = 0.2 is studied using Fig. 3. The skin friction 
coefficient and local rate of heat transfer decrease along the downstream direction of the surface. It is clear that the 
skin friction coefficient and local rate of heat transfer exhibit a sinusoidal behavior along a wavy surface. Frictional 
force depends on the smoothness of the surface, temperature and nature of fluid. Surface becomes more roughened 
for increasing values of amplitude-to-length ratio of wavy surface. That’s way surface shear stress in terms of skin 
friction coefficient decreases at the local points.  
Fig. 4 depict the streamlines and isotherms profile for the different values of viscous dissipation parameter N 
while D = 0.3 and Pr = 0.7. The maximum values of stream function, that is, \max are 9.39 and 18.82 for N = 0.0 and 
4.0 respectively. This indicates that viscous dissipation increases the fluid motion. In Fig. 4 (b), the similar behavior 
has also been observed for the isotherms profile within the similar values of controlling parameters N. Finally it is 
concluded that for the effect of viscous dissipation parameter N both the velocity and thermal boundary layer 
become thicker. 
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Fig. 2. Effect of N on (a) skin friction coefficient Cfx and (b) rate of heat transfer Nux. 
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Fig. 3. Effect of D on (a) skin friction coefficient Cfx and (b) rate of heat transfer Nux. 
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Fig. 4. (a) Streamlines and (b) isotherms for N = 0.0 and N = 4.0 while Pr = 0.7 and D = 0.3. 
Stream pattern for a flat plate and wavy surface are illustrated in Fig. 5(a), while Fig. 5(b) shows the effect of   
the amplitude on the isotherms. Within the computational domain it is found that the value of stream function 
enhance with the increase of amplitude. The maximum values of\, that is, \max is 9.50 for D = 0.0 and \max is 9.99 
for D = 0.4. It is also found that unlike to the flat plate, the isotherms for wavy surface show a sinusoidal behavior. 
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These figures clearly show that the thickness of the velocity and thermal boundary layer increase as the amplitude of 
the wavy surface increase.  
 
0 2 4 6 8 10x0
5
10
15
20
y
9
.50
0
.65
1.94
3
.23
4
.52
5
.17
7
.11
8
.40
7
.75
6
.465.82
(a) D  
   0 2 4 6 8 10x0
5
10
15
20
y 0.03
0.06
0.25 0.50
0.25
0.56
0.81
0.06
0.31
0.13
0.03
(b) D  
 
0 2 4 6 8 10x0
5
10
15
20
y
9
.99
9
.05
7
.757.115
.825.17
4.52
3
.231
.94
0.65
(a) D  
   0 2 4 6 8 10x0
5
10
15
20
y 0
.0
6
0
.06
0.2
2
0.22 0
.67
0.
11
0
.67
0.06
0.33 0
.
06
0.72 0.94
0
.39
0.28
0
.06
(b) D  
 
Fig. 5. (a) Streamlines and (b) isotherms for D = 0.0 and D = 0.4 while Pr = 0.7 and N = 0.2. 
5. Conclusion 
The effect of viscous dissipation on natural convection flow along a vertical wavy surface has been studied 
numerically. From the above results and discussion the following conclusion is arrived: 
x The skin friction coefficient increases and the rate of heat transfer decreases for the effect of viscous 
dissipation parameter N. The velocity and thermal boundary layer become thicker for the effect of N.  
x The skin friction coefficient and the local rate of heat transfer significantly decrease in the downstream 
region for increasing values of the amplitude-to-length ratio of the wavy surface D.  
x The velocity of the fluid flow and the temperature distribution of the fluid within the boundary layer 
increase for the effect of D.  
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